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Rashba nanowires in a magnetic field exhibit a helical regime when the spin-orbit momentum 
is close to the Fermi momentum, &f ~ kso- We show that this regime is characterized by a 
strongly anisotropic electron spin susceptibility, with an exponentially suppressed signal along one 
direction in spin space, and that there are no low frequency spin fluctuations along this direction. 
Since the spin response in the gapless regime fej? 56 kso has a power law behavior in all three 
directions, spin measurements provide a signature of the helical regime that complements spin- 
insensitive conductance measurements. 
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I. INTRODUCTION 

Helical Luttinger liquids, in which the spin of the elec- 
trons is locked to their direction of motion, are a cen- 
tral ingredient for a number of recent theoretical pro- 
posals and experiments aiming at the detection of zero 
energy Majorana bound states^ Besides their emergence 
as topological edge states 2 - and their formation in topo- 
logical insulator nanowires^ (quasi-) helical Luttinger 
liquids can for instance be engineered by placing Carbon 
nanotubes in an electric field ^ by subjecting a Rashba 
spin-orbit coupled quantum wire ( "Rashba nanowire" ) to 
a magnetic field^ or by appropriately coupling the elec- 
trons in a quantum wire to a Kondo lattice in the RKKY 
liquid regime, such as the the nuclear spins in the wirep- 
in systems such as Rashba nanowires, which are not 
always helical, this interesting state can be identified 
by measuring the electric conductance through the wire, 
which drops from 2 e 2 /h to (approximately) 1 e 2 /h when 
the wire becomes helical^ In the remainder, we argue 
that the spin physics of the wire provides an additional 
and in fact complementary signature of this state, which 
can be probed by spin fluctuation or spin susceptibility 
measurements. Thanks to considerable experimental ad- 
vances, these measurements are now believed to be within 
reach. 11 Different from the conductance, the spin physics 
depends not only on the presence of a gap, but also on 
the spin state of the residual gapless modes. We find 
that the spin susceptibility and spin fluctuations become 
strongly anisotropic. The susceptibility is exponentially 
suppressed along the direction set by the spin-orbit cou- 
pling in the wire, and there are no low frequency spin 
fluctuation along this direction. Related physics has been 
discussed in the context of the Ruderman-Kittel-Kasuya- 
Yosida (RKKY) interaction mediated by the edge states 
of quantum spin Hall samples*^ While the spin SU(2) 
symmetry is broken from the outset by the spin-orbit 
interaction and the magnetic field, the exponential sup- 
pression of the susceptibility along one direction, present 
only in the helical regime, is markedly different from the 
anisotropic power law decay of the spin susceptibility in 
non-helical Rashba nanowires^ or Carbon nanotubesJ^ 



Our analysis illustrates that interaction effects are impor- 
tant for the experimental detectability of the anisotropic 
spin physics, and furthermore quantifies the effect of the 
modes gapped by the combination of spin-orbit coupling 
and applied magnetic field, which are absent in ideal he- 
lical systems. 

The paper is organized as follows. After defining the 
model in Sec. UH we first discuss the static electron 
spin susceptibility in Sec. IIII1 and contrast the usual re- 
sponse outside the quasi-helical regime to the strongly 
anisotropic behavior within this regime. In Sec. IIV1 we 
turn to the dynamic spin response of the system, and 
specifically address the spin fluctuation spectrum, which 
is also strongly anisotropic. Our results are finally sum- 
marized in Sec. [V] 



II. THE MODEL 

To analyze the spin response in the helical regime, we 
study an interacting single subband quantum wire with 
sizable Rashba spin-orbit coupling, such as an InAs or 
InSb wire^ which is subject to a magnetic field paral- 
lel to the wire axis and perpendicular to the direction 
set by the spin-orbit coupling. This setup is depicted 
in Fig. HJa). Choosing the spin-orbit direction as the 
spin quantization axis, the system can be modeled by 
the Hamiltonian 



H = J dx E 
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where c u (x) annihilates an electron of spin v =t,i at 
position x, the band mass of the electrons is m, the 
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chemical potential is the spin-orbit momentum reads 
ksoi the vector of Pauli matrices is given by er, and 
p( x ) — J2v c t( x ) c v( x ) is tne total density at position x. 
The Coulomb interaction, screened on some length scale 
larger than the width of the wire, is denoted by U(x — y), 
while B — (B, 0,0) T is the applied static and homoge- 
neous magnetic field. In this setup, the latter field is 
well-known to induce a gap in the electronic spectrum 
around zero momentum, see Fig. [IJ&),A2, If the chemi- 
cal potential is tuned outside the gap, the quantum wire 
is in a regular spinful Luttinger liquid regime with four 
gapless modes. If the chemical potential is placed inside 
the gap, the remaining gapless modes can for our pur- 
pose be viewed as a helical Luttinger liquid (note that 
for the correct treatment of disorder— or the calculation 
of observables such as the electronic spectral density or 
the optical conductivity , 17 ' 18 this approximation is insuf- 
ficient). 

III. STATIC SPIN SUSCEPTIBILITY 

We calculate the spin response of the wire by first per- 
forming a gauge transformation on the electron operators 
that trades the spin-orbit interaction for an oscillation in 
the magnetic field* 7 - 

c t (x) = e txkso 4 (x) , c^x) = e ~ lxkso c[(x) . (2) 
This brings the Hamiltonian to the form 

» = /^*)g-»-|)« <3 > 

+ J dx (c\\x)cl(x)e- 2ixks °^+h.c\ 
+ j dx J dyU(x-y)p(x)p(y) . 

After linearizing the spect rum around the Fermi points 
at momentum ±kp — ±yj2m^, + k 2 so , we can treat the 
wire by standard bosonization techniques When the 
chemical potential is tuned far from the gap, such that 
the system can be viewed as a regular spinful Luttinger 
liquid, the magnetic field yields only terms that oscil- 
late rapidly at momentum ±2kso an d ±2(fcso i &f)- 
For our analysis, these terms can be neglected. The 
effect of Coulomb interaction, on the other hand, is 
captured by renormalized Luttinger liquid parameters. 
The electron spin susceptibility of the wire is now ob- 
tained from the imaginary time expression Xij'( x ~ 
x',t-t') = (TrSttxrfS'jia/y)), where S'(x,t) = 

J2u v' c 'J( x i T ) (°Vr/'/2) d v ,(x, t) is the electron spin at 
position x and imaginary time r. Proceeding along the 
lines of Ref. [H, the spin susceptibility in the gapless 
Luttinger liquid regime is found to be a diagonal tensor, 
Xij ~ $ij ■ The experimentally most important static part 




FIG. 1: Panel (a) depicts the analyzed setup. A quantum 
wire with Rashba spin-orbit interaction ~ rj so ■ S is subject 
to a magnetic field parallel to the wire axis and perpendicular 
to the direction set by the spin-orbit coupling (S denotes the 
electron spin). Panel (6) shows the spectrum E(k) of the 
Rashba nanowire as a function of the momentum k. The 
magnetic field B mixes the spin species around k — and thus 
opens up a gap. For large chemical potentials /i, the particles 
close to the Fermi points at ±k+ and ±A:_ with k± — kpikso 
have spins approximately aligned along the direction set by 
the spin-orbit interaction. The colors in panel (6) indicates 
this spin polarization (red corresponds to spin up and blue to 
spin down). The dotted lines show the spin-polarized bands 
in the absence of a magnetic field. 

of the retarded spin susceptibility, which follows from 
the analytic continuation of the imaginary time expres- 
sion, diverges at momentum ±2A;f due backscattering 
processes, 

xt, yy '(q,u^0)~J2 l<? + «2M 29 ^- 2 , (4a) 
xL'(9,^->0)~ ]T \q + K2k F \ 2 <>-- 2 , (4b) 

where q denotes the momentum and u> the frequency, and 
where 2g xy — K c + 1/K S and 2g z = K c + K s are deter- 
mined by the Luttinger liquid parameters in the charge 
sector, K c , and in the spin sector, K s . At finite tempera- 
tures, the divergences turn into sharp dips.— Most impor- 
tantly, the electron spins thus have a singular response 
in all three directions. The experimentally measurable 
spin susceptibilities can be obtained from Eq. Q by un- 
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doing the gauge transformation given in Eq. ([2]). As a 
result, the susceptibility in the initial laboratory gauge 
has components Xxx = Xyy with momentum shifted di- 
vergences at q = ±2(kp + kso) an d q — ±2{kp — kso) as 
compared to gauge-transformed expressions Xxx = Xyy'i 
while the form of Xzz — Xzz' is unchanged. The momenta 
of these divergences correspond to the various possible 
backscattering processes in the laboratory gauge, as can 
be inferred from the spectrum shown in Fig. QJ&). 

When the chemical potential is tuned inside the gap, 
the spin susceptibility should be qualitatively different 
from Eq. ^ . Fig. [T] indicates that in the helical regime, 
low energy backscattering is only possible between the 
two outer Fermi points, and therefore must involve a spin 
flip. As a consequence, we expect that the x and y com- 
ponents of the spin susceptibility are still singular, but 
only at momentum q = ±2(£^ + kso)i while the z com- 
ponent should be strongly suppressed because it relies 
on backscattering processes without spin flip. The elec- 
tron spin response of the quantum wire should thus be 
strongly anisotropic (effectively two-dimensional in spin 
space) when the chemical potential is tuned inside the 
gap. 

To quantify this qualitative argument, we repeat 
the above analysis for kp — kso- Starting from 
Eq. Q, we decompose the electronic operators into 
right- and left-movers according to c' u (x) — e lxkp R v (x) + 
e~ lxkp L v {x) . The latter can be bosonized as r v (z) — 
{U rv /V^a)e~ l{r ^^- e "^\ where r = R,L = + ,-, 
while the corresponding Klein factors are denoted as U rv , 
and a is a short distance cutoff.^ Importantly for our 
discussion, the bosonic fields 4> v and V are canonically 
conjugate to each other. As a main difference from the 
gapless Luttinger liquid regime analyzed above, the mag- 
netic field now yields non-oscillatory cosine potentials for 
terms connecting left-moving spin up particles and right- 
moving spin down particles. Introducing the usual spin 
and charge degrees of freedom via the canonical transfor- 
mation <t>% (z) = (^.±^4.)/V2and0g (z) = (6> t ±0i.)/\/2, 
and dropping the Klein factors which are not important 
for our discussion, the non-oscillatory part of the Hamil- 
tonian can be recast into the form 



H = £ (^(dx^) 2 +u,K t (dx9 t ) 2 ) (/>', 

i—c,s ^ 1 

+ [ dx cos (V2U C + 8 S 
J 2ira \ 



As before, K c and K s denote the Luttinger liquid param- 
eters in the charge and spin sector, while u c and u s are 
the corresponding effective velocities. Following Ref. Q, 
we find that the magnetic field is a relevant perturbation 
in the renormalization group (RG) sense and gaps out 
the field </>+ ~ (f> c + 8 S that corresponds to left-moving 
spin up particles and right-moving spin down particles. 
This gap is precisely the gap around zero momentum in 
the laboratory gauge shown in Fig. [TJ 7 In order to cal- 
culate the electron spin susceptibility in this partially 



gapped regime, we perform a canonical transformation 
that switches from the spin and charge degrees of free- 
dom to the field ~ 4> C + 9 S and an appropriate linearly 
independent combination of </> c and 9 S ^ 
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with K = K c + 1/K S . The RG equation for the magnetic 
field may now be derived in a real space RG analysis 
that parametrizes the running short distance cutoff as 
a(b) = ab. It reads^ 



dB 



d\og{b) 



(1 - K/2)B 



(7) 



The magnetic field is thus RG relevant for K < 2, which 
is fulfilled in interacting quantum wires^2r— The RG 
flow is integrated until the length scale associated with 
the running gap of <p + equals the running short distance 
cutoff. The gap thereby follows from the expansion of the 
cosine around its minimum to second order. We obtain 
the low energy Hamiltonian at the end of the flow as 



H = 



dx f u 



tH^+) 2 



K* u* 



4>\ + u* + K* + (d x e+)'' 



2tt \K_ 
dx f u 
2^ 

(IT 

— (u; (d x <f> + )(d x <f>-) + u; (d x e + )(d x e.)) , 



-(d x <P-) 2 + u*_K*_(d x e-Y 



(8) 



where u* ± and K± are the strong coupling values of 
the velocities and Luttinger liquid parameters in the ±- 
channel, while the gap is A = u* + /a* with a* being the 
renormalized short distance cutoff. The interactions £/? 
and Ug are the strong coupling values of the interac- 
tions introduced by the canonical transformation given 
in Eq. (|6]). It has been checked in Ref. [8( that these in- 
teractions constitute only subleading corrections to the 
relevant magnetic field. In a mean field picture, the inter- 
action is negligible because the field <fi+ is pinned to 
one of the minima of the sine-Gordon potential in Eq. ([5]). 
Fluctuations around the mean field are suppressed by the 
gap A that is of the order of the bandwidth of the renor- 
malized theory. The interaction Ug is most conveniently 
analyzed by switching from the Hamiltonian to the asso- 
ciated (imaginary time r) action and integrating out 9± . 
This yields an additional small renormalization of the ve- 
locities and Luttinger liquid parameters u± and K±, plus 
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an interaction of the form (d T <f>+)(d T <fi-), which can be 
dropped for the same reason as J7i. We will therefore 
from now on consider u* ± and K± to be renormalized 
values that also account for the effect of Ug on velocities 
and Luttinger liquid parameters and neglect all further 
effects of U1 and Ug . We also disregard solitons connect- 
ing the different minima of the sine-Gordon potential, 
which alter the properties of the wire at temperatures 
lower than the typical experimental ones, as well as its 
finite frequency responsei 17 i 18 ' 23 

These considerations finally allow the calculation of 
the spin susceptibilities in the helical regime. As before, 
we only keep the backscattering contributions, since for- 
ward scattering is non-singular. In the initial laboratory 
gauge, the x and y components of the imaginary time 
spin susceptibility read 



Xxx{x,T) = Xyy(x-T) (9) 

= -e- a < k -+ k ^{T T R\{x, T )L , (x, r)L\ (0, 0)i? t (0, 0)) 



+ i e -*M^-fc S o) {T T R\(x, r)L t (x, t)L\(0, 0)^(0, 0)) 



h.c. 



Bosonizing these expressions and performing the canon- 
ical transformation given in Eq. ([6]), we obtain 



1 



Xxx(x, t) - Xyy{x,r) - ^^a) 2 " 



-i2x{k F +kso) 



(10) 



1 



4(27ra) 2 
h.c. 



e -i2x(k F +k SO ) / £ iV2VT<(<p+(x.T)-<j) + (0,0))\ 



In the gapped regime, the field <f>+ is pinned, and the 
expectation values involving this field can be approx- 
imated by 1. One may also go beyond this mean 
field argument by noting that ( e iV2M<t>+(x,T)-<l>+{a,o))} = 
e -A 2 <(0 + (*,r)-0 + (o,o)) 2 ) ) and that the corre i ation function 
of 4>+ decays exponentially due to the gap. Therefore, 
the expectation values involving </> + are exponentials of 
an exponential and indeed go to unity very quickly. The 
remaining average over the gapless field 0_ yields the 
usual Luttinger liquid power law decay. The components 
of the spin susceptibility perpendicular to the spin-orbit 
axis are thus given by 



Xxx(x,t) = Xyy(x,T) 
1 



(11) 

AK C K* 



4(27ra) 2 
+ h.c. 



-i2x(k F +k so ) 



^/x 2 + {u*_\r\+a) 2 



The z component, on the other hand, reads 
1 



Xzz(x,T) 



-i2xk F 



X e 



4(27ra) 2 

ij2/K{K a <i> + (x,T)+8 + {x, T )-K c <i> + (0fi)~e + (Qfi))\ 



(12) 



x ^ e i v /2K c /(K 3 K)(4,-(x,T)-K 3 9-(x,T)-4>^(0,0)+K ! ,e-(0,0))^ 
1 



4(27ra) 2 

x ii^/yK(K c <t> + (x,T)-e + [x,T)-K c $ + {0,Q)+e + (a,0))\ 



x ^ e iy / 2K c /(K s K)(<t>- (x,t)+K s 0- {x,t)-4>- (O,O)-K„0_ (0,0))\ 
+ h.c. 

Again, the field </>+ can be replaced by its average value 
and drops out. The field 6* + , being canonically conjugate 
to the ordered field <j> + , has large fluctuations that sup- 
press Xzz- As has been established in Refs. dHHg, 
and neglecting the additional phase factor due to the si- 
multaneous presence of 9 and <j> fields, Eq. (TT2|) can be 
evaluated as 



Xzz(x,t) 



1 



— i2xkp 



4(27ra) 2 



(13) 



^Jx 1 + (u*_\t\ + a) 2 



1/(K',K) 



4%V^ 2 +K^) 2 



X {^/x 2 + (u* + \r\+a) 2 ) 
+ h.c. , 

where C is a constant of order one. The spin susceptibil- 
ity in z direction is thus indeed exponentially suppressed 
by the gap. The associated typical length scale is given 
by the renormalized short distance cut-off of the theory, 
u* + / 'A = a* . The suppression of the signal along z is in- 
creased by electron-electron interactions, which strongly 
enhance the gap according to Eq. ([7]). 

The static parts of the retarded spin susceptibility in 
the momentum/frequency-domain can now be obtained 
by Fourier transformation and analytic continuation. In 
x and y direction, this yields the expression 



Xxx, 



5> 

K = ± 



K2(k f 



-so) 



(14) 



With the experimental values K c w 0.5 and K s l ) 21 i 22 
we find that \xx — Xyy diverges at zero tempera- 
ture. Similar to the renormalization of the gap, electron- 
electron interactions in the wire also strengthen the di- 
vergence in Eq. (fl~4|) through a decrease of the value of 
K c . In real space, on the other hand, stronger inter- 
actions correspond to a weaker power law decay of the 
signal along x and y at large distances. 
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Along z, we use the fact that a Yukawa potential-like 
function f(x,y) = (l/^/x 2 + y 2 ) n e - A V x2 +y 2 has the 
Fourier transform 



OO t"K 



/(&,?»)=/ dr Ope**"*™ —e- ikr f A (k) 

Jo JO J -oo 71 

= f%fA(q<*»(<p)) (15) 



with f A (k) ~ (l/Vfc 2 + A 2 ) 2 "" (note that we have ap- 
proximated u± — ¥ u and used y = ut G [0,oo] at zero 
temperature). The backscattering contribution to the 
susceptibility in z direction is thus given by a small, non- 
singular expression proportional to an inverse power of 
the gap, such that stronger interactions result in a fur- 
ther suppression of the signal. Because also the forward 
scattering is non-singular^ the spin susceptibility of a 
Rashba spin-orbit coupled quantum wire in the helical 
regime is strongly suppressed along the direction of the 
spin-orbit coupling. This renders the spin response effec- 
tively two-dimensional in spin space. 



IV. DYNAMIC SUSCEPTIBILITIES AND SPIN 
FLUCTUATIONS 

The strongly anisotropic character of the susceptibility 
implies, by virtue of the fluctuation-dissipation theorem, 
that also the spin fluctuations along the direction set by 
the spin-orbit coupling are suppressed for frequencies be- 
low the gap. To show this, we calculate the spectral 
function of the spin fluctuations, 



S aa {x,uj) 



dte lu,t S aa (x,t) 



(16) 



S aa (x,t) = -(S a (x,t)S a (0,0) + S a (0,0)S a (x,t)) . 

The latter is related to the imaginary part of the corre- 
sponding susceptibility 



X^ a (jc,u)= dte iut i6(t)([S a (x,t), 5,(0,0)]) (17) 

J — OO 

by the the fluctuation-dissipation theorem, 



S aa (x,0j) = COth 



(^) Jm{x^(x, W )} , (18) 



where (3 = T^ 1 is the inverse temperature in units of 
&b = 1. For the x and y directions, the retarded real 
time spin susceptibilities can be obtained from Eq. (1111) . 
They are given byi£ 



Xxx( X 't) Xyy( X T^) 



0{u*_t-\x\) 



(u*_t) 2 - x 2 



sm(irK) cos(2(fc_F + kso)x) 



K 



at zero temperature, where K = 2K C K*_ / '(K S K) . The 
imaginary part of the Fourier transform of this expres- 
sion yields the zero temperature spectrum of the spin 
fluctuations as 



S xx (x,uj) = S yy (x,uj) (20) 
sin(TrX) cos(2(fc F + k S o)x)^2- R - 1 ' 2 T{l - K) 



(27ra) 



U_ X 



K-l/2 



J 



K-l/2 



sgn(w) 



where J a is a Bessel function of the first kind and T is the 
standard Gamma function. For small frequencies u> <C 
u*_/x, the spin fluctuation spectrum is thus proportional 

to |w| 2K_1 sgn(a;), as could have been expected from a 
dimensional analysis of Eq. (fT9|). In the z direction, on 
the other hand, the fluctuations are gapped. This implies 
a vanishing S zz (x,uj) for frequencies |w| < A, as can be 
shown by Fourier transformation of Xzz(q,Un) and sub- 
sequent analytic continuation. Like the spin susceptibil- 
ity, spin fluctuations are thus strongly anisotropic for fre- 
quencies smaller than the gap, and again, this anisotropy 
is strengthened by electron-electron interactions, which 
increase the gap A and weaken the power law suppres- 
sion of S xx and S yy at low frequencies. 



V. CONCLUSIONS 

In this work, we showed that a Rashba nanowire in the 
helical regime (and more generally any helical or quasi- 
helical Luttinger liquid) exhibits strongly anisotropic 
spin physics, and analyzed the latter in terms of the static 
spin susceptibility and the dynamic spin response. As 
discussed in Sec. IIII1 the helical regime is characterized 
by an exponentially suppressed static spin susceptibility 
along the direction set by the spin-orbit coupling, while it 
shows a power-law decay in the perpendicular directions. 
Outside the helical regime, on the other hand, the suscep- 
tibility exhibits a power law decay along all three direc- 
tions. A strongly anisotropic behavior was also obtained 
for the dynamic properties of the spins, as has been dis- 
cussed in Sec. IIVI In particular, we found that the spin 
fluctuation spectrum along the direction set by the spin- 
orbit interaction vanishes for frequencies below the gap, 
while it behaves as an interaction-dependent frequency 
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power law in the perpendicular directions. We further- 
more discussed that the strongly anisotropic character of 
the spin physics as well as the detectability of the suscep- 
tibility and the fluctuation spectrum in the perpendicular 
directions are importantly increased by electron-electron 
interactions. In conclusion, spin physics provides an ad- 
ditional experimental signature of the helical regime, and 
complements transport measurement^ and possible tun- 
neling spectroscopy experiments^ Different from con- 
ductance measurements, which give only access to the 
number of gapless modes, the spin physics depends on 
the spin state of these modes. A gap for one of the two 



spin species would for instance result in a similar reduc- 
tion of the conductance, but would yield a spin response 
along a single direction. 
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